In this paper, we define a non-linear version of Banach-Mazur distance in the contact geometry set-up, called contact Banach-Mazur distance and denoted by dCBM. Explicitly, we consider the following two set-ups, either on a contact manifold W × S 1 where W is a Liouville manifold, or a closed Liouville-fillable contact manifold M . The inputs of dCBM are different in these two cases. In the former case the inputs are (contact) star-shaped domains of W × S 1 , and in the latter case the inputs are contact 1-forms of M . In particular, the contact Banach-Mazur distance dCBM defined in the former case is motivated by the concept, relative growth rate, which was originally defined and studied in [8] . In addition, we investigate the relations of dCBM to various numerical measurements in contact geometry and symplectic geometry, for instance, (contact) shape invariant defined in [9], (coarse) symplectic Banach-Mazur distance recently defined and studied in [33] and [35]. Moreover, we obtain several large-scale geometric properties in terms of dCBM. Finally, we propose a quantitative comparison between elements in the derived categories of sheaves of modules (over certain topological spaces). This is based on several important properties of the singular support of sheaves. arXiv:2001.05094v1 [math.SG] 15 Jan 2020 RELATIVE GROWTH RATE AND CONTACT BANACH-MAZUR DISTANCE 3
Introduction
Quantitative comparisons between objects in symplectic geometry have been investigated for decades. For instance, in terms of the objects from dynamics, the well-known Hofer distance d Hofer is defined between Hamiltonian diffeomorphisms of a symplectic manifold, which is based on the fundamental work [18] and [20] . This led to an influential research direction called Hofer geometry ( [23] ), as well as far-reaching applications to Hamiltonian Date: January 16, 2020.
2 DANIEL ROSEN AND JUN ZHANG dynamic ( [34] , [26] , [27] , [36] ). For another instance, inspired by [22] , the recent work [33] , [35] and [15] studied quantitative comparisons between symplectic objects constructed from a geometric perspective, that is, star-shaped domains of a Liouville manifold. These are symplectic Banach-Mazur distance d SBM and coarse symplectic Banach-Mazur distance d c , and they can be viewed as non-linear analogues of the classical Banach-Mazur distance in convex geometry ( [29] ). In the set-up of contact geometry, a Hofer-like distance d Shelukhin between contactomorphisms or contact isotopies was recently defined and investigated in [30] . This opens new research directions ( [28] ), and also provides a useful measurement if one wants to study analogue quantitative problems in contact geometry ( [7] ). This paper is devoted to the study of quantitative comparisons between both contactomorphisms (different from d Shelukhin in [30] ) and "contact domains" of certain contact manifolds. In this paper, the comparison between contactomorphisms, more precisely, certain equivalence classes of contact isotopies, will be heavily influenced by the concept, relative growth rate, which was defined and investigated in [8] (and also in a recent work [6] on certain non-compact contact manifolds). The definition and related properties of relative growth rate will be recalled in the next section, and the reason why it can be applied to the contact geometry is deeply due to the fact that contact manifolds admit (non)-orderability phenomenon ( [8] , [10] ). Meanwhile, relative growth rate also inspires the definition, contact Banach-Mazur distance d CBM between contact domains (see Definition 2.12 and Subsection 2.4). The comparison between domains in the contact geometry set-ups involves new ideas. Compared with the symplectic geometry set-ups, let us emphasize the following essential difference appearing in the contact geometry set-ups.
Recall that one of the key ingredients in the definition of the (coarse) symplectic Banach-Mazur distance (see the definition (11) ) in the symplectic geometry set-up is the "rescaling", denoted by CU , of a star-shaped domain U by a constant C > 0. This is achieved by flowing along the Liouville vector field, a defining element of a Liouville manifold. However, in the contact geometry set-up, where no such canonical vector field exists, how to define this rescaling becomes unclear and ambiguous. To initiate our discussion, we will consider the following two contact geometry set-ups in this paper: one is the contactization of a Liouville manifold W , i.e., W × S 1 ; the other is a closed contact manifold M such that is comes from the boundary of a Liouville domain, i.e., M is Liouville-fillable. In the formal case, the objects in the discussion are fiberwise star-shaped domains U ⊂ W × S 1 ; in the later case, the objects in the discussion are those domains constructed via contact 1-forms α on M , denoted by W α (see the definition (16) ). Our desired rescaling of domains U ⊂ W × S 1 in the formal case is defined in terms of certain covering maps τ k : W × S 1 → W × S 1 for k ∈ N (see Definition 2.8) which preserve the standard contact structure of W × S 1 ; the rescaling of the domains W α in the latter case reduces to a well-defined rescaling of the contact 1-forms α.
Main results
This section consists of all the main results and necessary constructions in this paper except those related to the sheaf quantization which requires a more detailed explanation of the background. There will be an independent section, Section 4, devoted to the sheaf quantization. Proofs of the results in this section will be postponed to Section 3.
2.1. Relative growth rate. Let G be a semi-group endowed with a partial order ≥. The partial order ≥ is bi-invariant if, for any a, b ∈ G, we have a ≥ b if and only if ac ≥ bc and ca ≥ cb for any c ∈ G. According to [8] , one can extract some numerical data as follows. First, we call an element a ∈ G\{1} a dominant if, for any b ∈ G, there exists some k ∈ N such that a k ≥ b. The set of all the dominants of G is denoted by G + . Note that G + can be empty. For a ∈ G + and b ∈ G, define
For the second equality in (1) , see the proof of Theorem 2.4 in [32] . If b ∈ G + as well, then similarly one can define ρ − ≥ (a, b) := ρ + ≥ (b, a). The relative growth rate between a and b is defined by γ ≥ (a, b) := max{|ρ + ≥ (a, b)|, |ρ − ≥ (a, b)|} for a, b ∈ G + . Moreover, if both a, b ∈ G + , It is readily to check that this G can be endowed with a partial order ≥ defined as follows. [8] ). This condition is equivalent to the condition that their (symplectic) Hamiltonian lifts satisfy H α (φ) ≥ H α (ψ) pointwisely on [0, 1] × SM . Note that the partial order ≥ o is also bi-invariant under the group structure of G. Moreover, in terms of ≥ o , elements in G + defined in (3) are exactly the dominants of G. The relative growth rate γ ≥o ([φ], [ψ] ) is studied in ( [8] ), and (G + , d ≥o ) is a pseudo-metric space, where d ≥o is defined as in (2) . Our first result shows that this relative growth rate is closely related to certain norms on G.
Recall that (see Remark 7 in [30] ) a pseudo-norm ν defined on a group G is called quasiconjugate invariant if for each b ∈ G, there exists a constant C(b) such that ν(bab −1 ) ≤ C(b) · ν(a) for any a ∈ G. Let G = Cont 0 (M, ξ) and G + be the subset defined in (3) above. 
where ρ + ≥o is defined as in (1) 
It is easy to check that the operator "·" defines a semi-group structure on − → G . For brevity, we will omit the notation "·", i.e., [ This relation ≥ + applies more broadly than ≥ o does in the sense that ≥ + can also apply, to some extent, to non-orderable contact manifolds (see (iv) in Proposition 6.10 in [10] ). Let us start from the orderable contact manifolds. Here is the main result in this case.
Proposition 2.4. Let (M, ξ) be an orderable contact manifold. Then the relation ≥ + in (9) defines a bi-invariant partial order on − → G . Moreover, the projection π :
This proposition immediately implies the following result. (2) with respect to the partial order ≥ + , and the natural projection π :
Therefore, the non-triviality (if it exists) of the pseudo-metric space (G + , d ≥o ) implies the non-triviality of the pseudo-metric space
Similarly, a large-scale geometric property (if it exists) of the pseudo-metric space (G + , d ≥o ) implies a large-scale geometric property of the pseudo-metric space ( − → G , d ≥ + ).
Remark 2.6. The necessity of working on PCont + (M, ξ) or its quotient − → G will be clear when we reach Subsection 2.4. Roughly speaking, each positive contact isotopy corresponds to a contact version of fiberwise star-shaped domain of a contact manifold. The requirement of a homotopy through (only) positive contact isotopies guarantees that the induced deformation of the corresponding domains takes place within the category of fiberwise starshaped domains. On the other hand, we emphasize that the partial order ≥ o defined on Cont 0 (M, ξ) is not applicable to − → G . It seems impossible to show that ≥ o is anti-symmetric and transitive on − → G , partially due to the fact that no inverse exists in − → G . In another different set-up, the group of quantomorphisms (equivalently the strict contactomorphisms) of a prequantization space, a similar comparison is carried out by Theorem 1.9 in [32] . (1) . There is an interesting observation from Corollary 6.6 in [10] that − → G 0 contains a unique "stable" elements denoted by θ st in that sense that any element θ ∈ − → G 0 admits a power N ∈ N such that θ N = θ st . This makes the structure of − → G delicate. Consider the following subset of − → G ,
The partial order ≥ + defined in (9) does not apply to − → G , but, due to (iv) in Proposition 6.10, it does define a genuine partial order on − → G \Γ. Note that − → G \Γ is not always empty (see Proposition 6.13 in [10] for the case where (M, ξ) = (S 2n−1 , ξ std ) and n ≥ 2). However, we observe that the relative growth rate is not well-defined on − → G \Γ mainly due to (iii) in Proposition 6.9 in [10] . Explicitly, − → G is an epigroup with respect to Γ in the sense that every element x ∈ − → G admits a power N ∈ N such that x N ∈ Γ. Therefore, − → G \Γ is not even closed under the semi-group multiplication of − → G . If one wants to relax the discussion of ≥ + to the entire − → G , then we claim that the relative growth rate γ ≥ + ≡ 0, so d ≥ + is still not well-defined. In fact, for any sufficiently large k ∈ N such that x k ∈ Γ, we can take an arbitrarily large l ∈ N such that y l ∈ Γ. Then, by (ii) in Proposition 6.10 in [10] , x k ≥ y l . Therefore, ρ + ≥ + (x, y) = 0. Similarly, ρ − ≥ + (y, x) = 0, which implies that the relative growth rate γ ≥ + (x, y) = 0. 
where (i) the notation " φ − →" between two star-shaped domains U and V means that there exists a Hamiltonian isotopy φ = {φ t } t∈[0,1] defined on W such that φ 0 = 1 and φ 1 (U ) ⊂ V ; (ii) the rescaling is defined by CV := φ ln C L (V ), where φ t L is the flow along the Liouville vector field L (similarly to the definition of CU ). Meanwhile, there exists a "stronger" version of d c called the symplectic Banach-Mazur distance d SBM ( [33] , [35] ), which requires the composition ψ • φ in (11) to be isotopic inside CU to the identity map of W through Hamiltonian isotopies. This is one way to put the "unknottedness" condition of the morphisms in symplectic geometry. Obviously d c ≤ d SBM . In fact, due to the work in [15] , for many cases the inequality "≤" of d c ≤ d SBM can be strict "<". Then main reason to put this unknottedness condition is to guarantee that filtered symplectic homology can be applied.
As explained in Section 1, Introduction, in the contact geometry set-up we will consider contact manifolds in the form of W × S 1 where W = (W, ω, L) is a Liouville manifold. The contact structure of W ×S 1 is given by the (standard) contact 1-form α = ι L ω+dt, where t is the coordinate of S 1 -component. In this case, a certain rigidity of contact embeddings does appear (see Theorem 1.2 in [10] or Theorem 1.2' in [11] ). We call an open domain U ⊂ W ×S 1 a fiberwise star-shaped domain if (i) ∂U is transversal to the fibers and (ii) U ∩ (W × {t}) is a star-shaped domain of W . For instance, let B 2n (R) = {x ∈ R 2n | π|x| 2 < R}, and then B 2n (R) × S 1 is a fiberwise starshaped domain of R 2n × S 1 . The main result in [11] (which generalizes the main result in [10] ) says that for any 1 < R 1 ≤ R 2 , there does not exists any compactly supported contactomorphism φ on
The following definition provides an approach to rescale a fiberwise starshaped domain in W × S 1 .
Definition 2.8. For a fiberwise star-shaped domain U of the contact manifold W × S 1 , and any k ∈ N, define U/k := τ −1 k (U ), where τ k is defined as follows, (12) τ
Roughly speaking, U/k not only shrinks the W -component of U , but also repeats this W -component for k many times along the S 1 factor. In particular, if U is a split domain, i.e., U =Ǔ ×S 1 for some star-shaped domainǓ ⊂ W , then
Here is a more concrete example.
Then it is easy to check that for any p = (x 1 , y 1 , ..., x n , y n ) ∈ W ,
where the S 1 factor on the right-hand side should be regarded as the k-th cover of the S 1 factor on the left-hand side.
Remark 2.10. One can also define the covering map τ k to be τ k (p, t) = (φ − ln k L (p), kt). Then, instead of shrinking the W -component of a given fiberwise star-shaped domain U , τ −1 k (U ) will amplify the W -component of U . The reason why we chose our covering map as in (12) is that τ k preserves the contact 1-form α std = λ std + dt up to a factor k, so τ k preserves the contact structure of W × S 1 .
Remark 2.11. We emphasize that, for k < l, it is not necessarily true that U/l ⊂ U/k (but this trivially holds if U is a split domain). For instance, if U is a 2-disk bundle over S 1 = R/Z such that for t ∈ S 1 the corresponding fiber U | t is a 2-disk of the radius r t = cos(2πt) + 2.
Then U/2 is also a 2-disk bundle over S 1 such that for t ∈ S 1 the corresponding fiber (U/2)| t is a 2-disk of the radius r t = cos(4πt) 2 + 1. Observe that when t = 1 2 , r 1
Here is a contact geometric analogue of the quantitative comparison defined in (11) . 
where rescaling U/k and V /l are defined in Definition 2.8. Then define One essential difference between d CBM and d c (coarse symplectic Banach-Mazur distance) is that d CBM is not always well-defined, deeply due to the fact that contactomorphisms do not necessarily preserve volumes. This is in a sharp contrast with the fact that any Hamiltonian diffeomorphism preserve volumes, which implies that, for any star-shaped domain U ⊂ W , d c (U, U ) = ln 1 = 0. Let us elaborate on this particular phenomenon of d CBM from the following definition. Definition 2.13. We call a fiberwise star-shaped domain U ⊂ W × S 1 squeezable if there exists a pair (k, l) ∈ N 2 with k < l and a compactly supported contact isotopy
From the definition, it is obvious that d CBM (U, U ) = 0 or equivalently γ CBM (U, U ) = 1 for any non-squeezable fiberwise star-shaped domain U ⊂ W × S 1 . When W = R 2n with n ≥ 2, due to Theorem 1.3 in [10] , the contact ball B 2n (R)×S 1 is squeezable for any R > 0 since we can take k, l sufficiently large such that both R/k and R/l are smaller than 1. The concept of squeezable domains is related to the one of negligible domains (see Subsection 6.3.3 in [10] ). Recall that a fiberwise star-shaped domain
Obviously a negligible domain U is squeezable since we can take the desired pair (k, l) ∈ N 2 to be (1, l) for any large l, where U/l is regarded as an open neighborhood of Core(W ) × S 1 . Therefore, due to Proposition 6.12 in [10] , there exist squeezable fiberwise star-shaped domains of W × S 1 whenever W admits a non-orderable contact hypersurface. On the other hand, the celebrated contact non-squeezing theorem in [10] , as well as its generalizations in [11] and [5] , says that the contact ball B 2n (R) × S 1 is not negligible for any R ≥ 1. Therefore, the set of all the non-squeezable fiberwise starshaped domains of W × S 1 in general strictly contains the set of all the negligible fiberwise star-shaped domains of W × S 1 .
The following property shows that the existence of certain squeezable fiberwise starshaped domains makes the definition of d CBM invalid.
Proposition 2.14. If there exists a squeezable split fiberwise star-shaped domain of W ×S 1 , then γ CBM (U, V ) = 0 for any fiberwise star-shaped domains U, V ⊂ W × S 1 . In particular, d CBM is not well-defined.
On the other hand, the following example shows that there indeed exist non-squeezable domains for certain W × S 1 (therefore Definition 2.13 is not empty).
It is non-trivial to check this claim. In fact, this comes from the obstruction obtained from the contact shape invariant; see Theorem 2.20, the functorial property (2) in Lemma 3.1 and Example 3.2.
Remark 2. 16 . We conjecture that on W × S 1 where W = T * N for any closed manifold N , there does not exist any squeezable fiberwise star-shaped domain. We are not able to prove this. In fact, we are not even know how to prove a weaker conjecture that if W = T * N as above, then W × S 1 does not admit any negligible domains. In general, we know that if W admits a non-orderable star-shaped hypersurface, then W × S 1 admits negligible domains (see Proposition 6.12 in [10] ), but we don't know whether the converse is true or not.
Denote by N W ×S 1 the set of all the non-squeezable fiberwise star-shaped domains of W × S 1 . The following proposition can be checked directly from definitions. Proposition 2.17. Suppose that W × S 1 satisfies the condition that N W ×S 1 = ∅. Then d CBM defines a pseudo-metric on N W ×S 1 . Moreover, for any compactly supported contactomorphisms φ, ψ ∈ Cont 0 (W × S 1 ) and any fiberwise star
To justify the analogue between d CBM and d c (the coarse symplectic Banach-Mazur distance defined in (11)), let us make the following observation. Let U, V be two star-shaped domains of Liouville manifold (W, ω, L) and λ = ι L ω. Any compactly supported Hamiltonian
Then we have the following property. Proposition 2.18. Let U, V be star-shaped domains of Liouville manifold (W, ω, L). Then we have the following relation,
It is now well-understood that the study of d c between star-shaped domains of a Liouville manifold is more difficult than the study of d SBM since (filtered) symplectic homology does not apply ( [15] , [17] ). Fortunately, the relation in Proposition 2.18 provides a new approach to study d c via d CBM . However, due to Proposition 2.14, in order to obtain a meaningful lower bound of d c (U, V ), we need to consider those Liouville manifolds W with certain constraints. In particular, d CBM is not applicable to the study of d c between star-shaped domains of R 2n .
We will use contact shape invariant ( [9] ) of split domains U × S 1 of W × S 1 to provide a meaningful lower bound of d CBM (see Theorem 2.20 below). In Subsection 3.2, an exposition of contact shape invariant in our set-up will be provided, from which we obtain the following important stability result. For two subsets A, B of R n containing 0 ∈ R n , define δ(A, B) :
Note that δ(·, ·) is symmetric, and it can be written
Denote by S(T * T n ) the set of all the star-shaped domains of T * T n . Theorem 2.20 implies the following large-scale geometric property of the pseudo-metric space (S(T * T n ), d c ). (cf. Remark 2.19).
Corollary 2.21. If n ≥ 2, then for any k ∈ N, there exists an embedding Ψ k :
In other words, Ψ k is a quasi-isometric embedding for any k ∈ N.
Remark 2.22. When n = 1, the real dimension of T * S 1 is two, which implies that the only symplectic invariant of the star-shaped domains of T * S 1 is just the area. Therefore, the conclusion in Corollary 2.21 does not hold in this case, and then the hypothesis n ≥ 2 in Corollary 2.21 is necessary.
Remark 2.23. Another proof of Corollary 2.21, using symplectic shape invariant (cf. (29)), will appear in a forthcoming work [17] , where the coarse symplectic Banach-Mazur distance d c considered in [17] is slightly more general than the one defined in (11) . The way that proves Corollary 2.21 in this paper via Theorem 2.20 can be viewed as a refinement of the argument in [17] . As a matter of fact, [17] proves the same conclusions as in Corollary 2.21 for T * (T n × N ), where n ≥ 2 and N is any closed manifold.
2.3. d CBM between forms. 2 In this subsection, we provide another version of contact Banach-Mazur distance. Different from the set-up in the previous subsection, this comparison takes place between contact 1-forms. Explicitly, let (M, ξ) be a contact manifold, and assume that ξ is co-oriented. This contact structure ξ corresponds to a family of contact 1-forms on M . Fix a contact 1-form α 0 on M , then this family can be written as an orbit space
is the conformal factor of φ with respect to α. Define a partial order on elements in O ξ (α 0 ) as follows: α 1 α 2 if and only if the corresponding functions f 1 and f 2 such that
denote by
Cα the rescaling e f +ln C α 0 if α = e f α 0 . Then we give the following definition.
Definition 2.24. For any α 1 , α 2 ∈ O ξ (α 0 ), define the contact Banach-Mazur distance as
Remark 2.25. Since the input of d CBM speaks itself in an obvious way that which version of contact Banach-Mazur distance is in the discussion, we adopt the same notation as the one in Definition 2.12.
The condition in the definition of d CBM in Definition 2.24 can be rewritten in terms of functions. Explicitly, assume that α 1 = e f 1 α 0 and α 2 = e f 2 α 0 , then it is easy to check that the relation (1/C)α 1 φ * α 2 Cα 1 is equivalent to
where g φ,α 0 is the conformal factor of φ with respect to α 0 .
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The properties (1) -(4) yields that d CBM defines a Cont 0 (M, ξ)-invariant pseudo-metric on O ξ (α 0 ), and in particular (4) implies that d CBM is not a genuine metric.
Remark 2.27. We point out that d CBM can vanish identically. Even though one considers the rescaling Cα 0 (with the expectation that d CBM (Cα 0 , α 0 ) = ln C), the inequality d CBM (Cα 0 , α 0 ) > 0 does not always hold. One easy example is R 3 with α 0 = 1 2 (xdy − ydx) + dz. The rescaling of α 0 can be realized by a contactomorphism, which implies that d CBM (Cα 0 , α 0 ) = 0. This is in contrast with the rescaling property d c (CU, U ) = ln C in the symplectic case. However, if M bounds a domain in its symplectization with a finite volume, then, by taking advantage of the rescaling property in the symplectic case, it is readily to check that d CBM (Cα, α) = ln C for any α ∈ O ξ (α 0 ) (cf. Example 2.30). Later in Theorem 2.29, we will see that the (coarse) symplectic Banach-Mazur distance d c sometimes provides a meaningful and non-zero lower bound of d CBM (cf. Proposition 2.18).
Suppose that (M, ξ = ker α 0 ) is closed and Liouville-fillable, that is, there exists a Liouville domain (W, ω, L) such that ∂W = M , (ι L ω)| M = α 0 and the flow of L is complete for t < 0. In this case, there is a geometric approach to view any element α ∈ O ξ (α 0 ) (cf. Section 3.2 in [2] ). Denote by (Ŵ , ω) the completion of (W, ω, L). With respect to α 0 ,Ŵ admits a canonical decompositionŴ = SM Core(W ) where SM is the symplectization of (M, ξ = ker α 0 ) and it can be identified with
Observe that W α is also a Liouville domain of (Ŵ , ω, L). Any φ ∈ Cont 0 (M, ξ) can be lifted to an element Φ ∈ Symp 0 (Ŵ , ω), the identity component of the group of symplectomorphisms Symp(Ŵ , ω). To this end, we will take the approach from [1] . Explicitly 
Denote by Φ c the (symplectic) Hamiltonian diffeomorphism onŴ generated by H c . Note that there always exists some (small) neighborhood of Core(Ŵ ) which is pointwisely fixed by Φ c , where the size of this neighborhood depends on c. Let us denote this neighborhood by
For any Liouville domain U ⊂Ŵ and C > 0, recall that CU is the image of U under the flow of L for time ln C. Then we have the following lemma.
Lemma 2.28. The domain W α constructed from (16) satisfies the following properties.
is the (symplectic) Hamiltonian diffeomorphism generated by the modified Hamiltonian function defined in (17) .
This directly implies the following important stability result.
Proof. Suppose there exists φ ∈ Cont 0 (M, ξ) and C ≥ 1 such that 1/Cα 1 φ * α 2 Cα 1 . By Lemma 2.28, there exists a sufficiently large c(α 2 ) such that the following relation holds,
Moreover, their composition is just the inclusion. Then, by the definition of d SBM , we know that d SBM (W α 1 , W α 2 ) ≤ ln C. Thus we get the first conclusion. The second conclusion is trivial since by definition d c ≤ d SBM .
Example 2.30. Suppose that (M, ξ = ker α 0 ) is compact and Liouville-fillable, and W α 0 is its filling. Since by definition d SBM (CU, U ) = ln C, we know
which implies that d CBM (Cα 0 , α 0 ) = ln C. This relation also holds for any α ∈ O ξ (α 0 ). In particular, d CBM is not identically zero. More generally, without the hypothesis of being Liouville-fillable (so we only consider the symplectization of M ), by the compactness of M we know Vol({s < 1}) < ∞ where the volume Vol is taken inside (SM, ω). Then, similarly to the argument in (18) and without referring to any cut-off functions, we know d CBM (Cα 0 , α 0 ) = ln C simply by the volume-preserving property of the lifting symplectomorphisms.
Corollary 2.31. Let (M, ξ = ker α 0 ) be either (S 2n−1 , ξ std = ker α std ) where n ≥ 2 or (S * g Σ ≥1 , ξ can = ker α can ) where S * g Σ ≥1 denotes the unit co-sphere bundle over an oriented surface Σ ≥1 of genus at least 1. Then for any N ∈ N, there exists a quasi-isometric embed-
Proof. Since both (S 2n−1 , ξ = ker α std ) and (S * g Σ ≥1 , ξ = ker α can ) are compact and Liouvillefillable, the desired conclusion directly comes from Theorem 1.5 in [35] and Theorem 1.11 in [33] for two different situations in the hypothesis respectively, together with the stability result Theorem 2.29 above.
Remark 2.32. On the one hand, the conclusion in Corollary 2.31 seems not surprising since as a set the space O ξ (α 0 ) is identified with the space C ∞ (M, R), which tends to be large. On the other hand, Corollary 2.31 is non-trivial due to the existence of g φ,α 0 in the comparison (15) which depends on φ, and then seeking for the optimal C in (15), i.e., the value of d CBM , becomes non-trivial at all. is Liouville-fillable and denote by W its filling, and byŴ the completion of W . Suggested by [10] , consider the following subset of W × S 1 ,
It is easy to check that U (φ) is a star-shaped domain of Liouville manifoldŴ × S 1 . More explicitly, since h(t, x) > 0 for any (t, 
One can modify the speed of the Reeb flow to adjust the radius of the ball. One important observation is that an autonomous contact isotopy, i.e., the contact Hamiltonian function is independent of t ∈ S 1 , corresponds to a split fiberwise star-shaped domain ofŴ × S 1 .
Due to Lemma 1.21 in [10] , the construction in (19) is in fact well-defined for the class [φ] ∈ − → G , up to an ambient contactomorphism in Cont 0 (Ŵ × S 1 ). We use the notation 
are the equivalence classes of fiberwise star-shaped domains in NŴ ×S 1 up to contactomorphisms.
) is a split domain up to a contactomorphism ofŴ × S 1 . Then the right hand side of the conclusion in Theorem 2.33 reduces to d CBM (U × S 1 , V × S 1 ) for some star-shaped domains U, V ofŴ . Then, for certain contact manifolds, e.g., M = S * g (T n × N ) with n ≥ 2 and any closed manifold N , the proof of Corollary 2.21 (also see Remark 2.23) implies a large-scale geometric property of ( − → A , d ≥ + ), and then also of (
contain an image of a quasi-isometric embedding of an arbitrarily large dimensional Euclidean space. In the case where M = S * g T n with n ≥ 2, a large-scale geometric property of ( − → A , d ≥ + ) can also be obtained by Theorem 1.7.F in [8] together with Corollary 2.5 above. It seems to us that these two approaches do not coincide, essentially because the way that we use the contact shape invariant in this paper is different from [8] .
(2) The way that we obtain the large-scale geometric property of ( − → A , d ≥ + ) elaborated in (1) above can be regarded as an analogue of the proof of the main result, Theorem 1.1, in Usher's work [34] , where it proves that, when the symplectic manifold (M, ω) satisfies a certain condition, the group Ham(M, ω) contains an image of a quasi-isometric embedding of an infinite-dimensional Euclidean space. From the construction of the quasi-isometric embedding in [34] , this large-scale geometric property in fact holds for the subset of all the autonomous Hamiltonian diffeomorphisms (i.e., generated by autonomous Hamiltonian functions).
On the other hand, for certain symplectic manifolds (M, ω), Polterovich-Shelukhin's work [26] (and also [36] ) provides another method that obtains a large-scale geometric property of Ham(M, ω), which goes beyond the scope of automorphism Hamiltonian diffeomorphisms. More explicitly, it finds a sequence of non-autonomous Hamiltonian diffeomorphisms whose Hofer distances d Hofer from the set of autonomous Hamiltonian diffeomorphisms go to infinity. Therefore, an analogue and also interesting question in our contact set-up is whether there exists a sequence of non-split equivalence classes of fiberwise star-shaped domains in W × S 1 (i.e., not a split domain up to any contactomorphisms) such that their contact Banach-Mazur distances d CBM from the set of all split equivalence classes can be large. To this end, one needs to understand how to use obstructions (for instance, the contact shape invariant applied in this paper) to effectively distinguish non-split and split equivalence classes. This certainly deserves some further development.
Proofs
This section is devoted to the proofs of the results in Section 2, which will be divided into two subsections. Subsection 3.1 consists of all the results in Subsection 2 except those related to the contact shape invariant. Subsection 3.2 consists of the background and necessary properties of the contact shape invariant, as well as the proofs of those related results appearing in Section 2.
Short proofs.

Proof of Proposition 2.1. Let us prove (a) first. The value of ν
Then by the reflexivity of the partial order ≥ o , we know that [ψ] = 1. Therefore,
where the second equality comes from the fact that the partial order
). Now, observe that, for any σ ≥ 0,
This comes from definitions (5) and (6), as well as the fact that ν − 
We can assume that h α (φ (σ) ) > 0 since [φ] ∈ G + , and then h α ((φ (σ) ) −1 ) < 0. Choose any representative µ of [µ], then µ −1 φ (σ) µ represents the class [µ] −1 [φ] σ [µ]. Denote by g α (µ) the conformal factor of the path µ under the contact 1-form α, one can easily check that the contact Hamiltonian function of the path µ −1 φ (σ) µ is e −gα(µ) (h α (φ (σ) ) • µ), which is, in particular, positive. Due to Lemma 3.1.A in [8] , there exists a representative of
such that the corresponding contact Hamiltonian function, denoted by f µ (t, x), is 1-periodic and positive. Meanwhile, denote the contact Hamiltonian function of µ −1 (φ (σ) ) −1 µ by f µ (t, x) which is 1-periodic and negative. Meanwhile, we can modify h α (ψ ) near t = 0, 1 to beh α (ψ ) such thath α (ψ ) = 0 near t = 0, 1 andh α (ψ ) still generates a representative of the class [ψ ]. Therefore, we can regardh α (ψ ) as a function defined on R/Z × M (by identifying the endpoints t = 0, 1). The same conclusion holds for h α (ψ ), and denote bỹ h α (ψ ) the modified function defined on R/Z × M .
By the positivity of f µ (t, x) and the negativity of f µ (t, x), there exists a sufficiently large constant C > 1, which only depends on [φ] and [µ], such that for any (t, x) ∈ R/Z × M ,
and min (t,x)∈R/Z×Mh
Denote by C(µ) := Ce gα(µ) . We know that C(µ) · f µ (C(µ)t, x) generates a representative of (
Therefore,
This holds for any [ψ] ∈ G, then we conclude that the norm ν [φ] is quasi-conjugate invariant. Finally, let us proof (b). By definition,
Due to the discussion above, we know that
Therefore, we get the desired conclusion. Finally, let us show the monotonicity of the projection π :
, then there is nothing to prove. 
is the conformal factor of ψ with respect to α. By the positivity of h α (θ), we know h α (ψθ) ≥ h α (ψ) pointwisely, and then π([φ]) ≥ + π([ψ]) by (4).
Proof of Proposition 2.14. First, let us claim that the existence of a negligible domain implies that γ(U, V ) = 0 for any fiberwise star-shaped domains U, V ⊂ W × S 1 . In fact, denote by A ⊂ W × S 1 the negligible fiberwise star-shaped domain. For the domain U , there exists a sufficiently large k ∈ N such that U/k ⊂ A. Then U/k is negligible. Hence, by definition, for any arbitrarily large l ∈ N, there exists a compactly supported contact isotopy denoted by φ k,l = {φ t } t∈[0,1] such that φ 1 (U/k) ⊂ V /l, which implies that ρ c (U, V ) = 0. The same argument yields that ρ c (V, U ) = 0. Then γ CBM (U, V ) = 0. Second, suppose that U ⊂ W × S 1 is a squeezable split domain from our hypothesis. By definition, there exists a pair (k, l) ∈ N 2 with k < l, and a compactly supported contact isotopy φ = {φ t } t∈[0,1] such that φ 1 (Û /k) ⊂Û /l. Observe that we have the following relation (where the second strict-containing relation is exactly due to the hypothesis that the domainÛ is split),
Repeatedly using relation (28) , we obtain a sequence of strictly decreasing subsets φ 1 (Û /k), φ
1 (Û /k), φ (12) . Then we have the following commutative diagram 3 ,
since the restriction φ t | W is compactly supported in W and W is always non-compact. By the lifting criterion (see Proposition 1.33 in [16] ), there exists a unique lift ofφ t , denoted bỹ φ t . This holds for any t ∈ [0, 1]. In particular, φ 1 lifts to a morphismφ 1 and it is a contactomorphism (see Remark 2.10). This implies thatφ 1 
Similarly, we obtain a lift of ψ 1 and the relationψ 1 (τ −1 l (V /m)) ⊂ τ −1 l (U/n). By definition, we know that 
For any U , ρ c (U, U ) = 1 since the optimal choice of the pair (k, l) ∈ N 2 is just (1, 1). This implies that d CBM (U, U ) = 0. Second, the symmetry of d CBM is obvious. Third, for U 1 , U 2 , U 3 ∈ N W ×S 1 , if φ 1 (U 1 /k) ⊂ U 2 /l and ψ 1 (U 2 /m) ⊂ U 3 /n for some compactly supported contact isotopies of W × S 1 , {φ t } t∈[0,1] and {ψ t } t∈[0,1] , then by the argument above, we obtain the following relations with respect to the lifting contact isotopies,
. A similar conclusion holds for ρ c (U 3 , U 1 ), then the triangle inequality of d CBM is proved.
For the last conclusion, it suffices to prove that ρ c (U, ψ(V )) = ρ c (U, V ), and the rest part can be confirmed in a similar way. Suppose that ψ = ψ 1 is the time-1 map of a compactly supported contact isotopy ψ = {ψ t } t∈[0,1] on W × S 1 . By the lifting diagram (24), there exists a lift contact isotopyψ = {ψ t } t∈[0,1] such that for any l ∈ N,ψ t (U/l) = ψ t (U )/l for any t ∈ [0, 1]. For any > 0, there exists a compactly supported contact isotopy φ = {φ t } t∈[0,1] and (k, l) ∈ N 2 such that φ 1 (U/k) ⊂ V /l and k l ≤ ρ c (U, V ) + . Then the contact isotopyψ
A symmetric argument then yields the desired conclusion.
Proof of Proposition 2.18. Denote by C := d c (U, V ). By definition, up to an > 0, there exist compactly supported Hamiltonian isotopies φ = {φ t } t∈[0,1] and ψ = {ψ t } t∈[0,1] such that φ 1 (U ) ⊂ CV and ψ 1 (V ) ⊂ CU . Then
For any δ > 0, by the density property of rational numbers, there exists a pair (k, l) ∈ N 2 such that l k ∈ ( 1 C − δ, 1 C ). Then φ 1 ( l k U ) ⊂ V . By another conjugation as above, we know that there exists a compactly supported Hamiltonian isotopy φ = {φ t } t∈[0,1] such that φ 1 ( 1 k U ) ⊂ 1 l V . Now, lift φ to a compactly supported contact isotopyφ as in (14) , and note that for the split domain U × S 1 ,
Let δ go to zero, and then k l approaches to C (as l k approaches to 1 C ). Therefore, ρ c (U ×S 1 , V ×S 1 ) ≤ C. A symmetric argument implies that ρ c (V ×S 1 , U ×S 1 ) ≤ C, which leads to the desired conclusion. Finally, the second conclusion is trivial since
Proof of Proposition 2.26. (1) is trivial. (2) comes from the follow equivalence,
and vice versa. Thus we obtain the desired conclusion.
Proof of Lemma 2.28. Suppose that α 1 = e f 1 α 0 and α 2 = e f 2 α 0 . Then (1) and (2) directly come from the definition (16) . For (3), suppose that φ * α 0 = e g φ,α 0 α 0 . Then φ * α = e f •φ+g φ,α 0 α 0 for some f : M → R. Then the definition (16) says that
Choose any path of contactomorphisms connecting 1 and φ, and denote by h the associated contact Hamiltonian function with respect to α. For any c > 0 the Hamiltonian vector field X Hc of the modified lift Hamiltonian in (17) can be computed as follows. Split X Hc = X L ∂ ∂u +X M ∂ ∂x into two components. By definition, dH c = (β c (u)u+β c (u))h·du+β c (u)u·dh. By solving ι X d(uα) = −dH c , one obtain that
where X h is the contact vector field on M generated by h and Y is solved from the equation
Then β c (u) = 0, which implies that Y = 0, and then X L = −u · dh(R α ) and X M = X h . Therefore, one easily obtain the following formula for (u, x) ∈Ŵ where u ∈ [e −c , ∞),
For the star-shaped domain W φ * α , choose a sufficiently large c(α) > 0 (which will be specified later). For any point (u , x ) ∈ W φ * α where u ∈ [e −c(α) , ∞), by (26) , Φ c(α) (u , x ) = (e −g φ,α 0 (x ) u , φ(x )). Then by the defining property of W φ * α , e −g φ,α 0 (x ) u < e f (φ(x )) , which implies that Φ(u , x ) ∈ W α . On the other hand, for u ∈ [e −2c , e −c ], the formula of Φ c(α) will not be as simple as the one in (26) . However, by (25) , it is important to observe that the difference of X L , compared with the previous case where u ∈ [e −c , ∞), only involves with β c (u), which is uniformly bounded for any x ∈ M and any c > 0. Therefore, we can choose c(α) sufficiently large such that the ratio of the u-component of Φ c(α) (u , x ) and u is sufficiently close to 1 and also uniformly for any x ∈ M . Explicitly, we will choose c(α) such that
where f is the function used to define α, i.e., α = e f α 0 . Note that the minimum in the condition above exists due to the compactness of M . Then obviously Φ c(α) (u , x ) ∈ W α . Finally, for u ∈ [0, e −2c(α) ], we can shrink c(α) further if it is necessary such that the c(α)dependent neighborhood U c(α) of Core(Ŵ ) satisfies U c(α) ⊂ W α . Note that over U c(α) the morphism Φ c(α) is just the identity, and then Φ c(α) (u , x ) = (u , x ) ∈ W α holds trivially. Thus, we have shown that for a sufficiently large c
Apply the same argument to φ −1 , then, for any contact 1-form β, we obtain that there exists a sufficiently large c(β) such that
if it is necessary, then we get the desired conclusion.
Proof of Theorem 2.33. It suffices to prove that (27) ρ a) for any inputs a and b, and ρ + ≥ + and ρ c are defined in (1) and (13) , respectively. Then the desired conclusion comes from a symmetric argument. For any > 0, there exists a pair (k, l) ∈ N 2 such that
Then, by the definition of the partial order ≥ + , there exist a positive contact isotopy ψ , homotopic to ψ k , and a positive contact isotopy φ , homotopic to φ l , such that ψ ≥ + φ . For any fixed contact 1-form α, the corresponding contact Hamiltonian functions satisfy h α (ψ ) ≥ h α (φ ). Passing to the star-shaped domains defined in (19) , we know that, for any s > 0,
) and U (ψ ) = Ψ 1 (U (ψ l )). Then the contact isotopy Φ −1 • Ψ satisfies
Moreover, assume that both h α (φ) and h α (ψ) are 1-periodic. Then φ k and ψ l can be generated by k · h α (x, kt) and l · h α (x, lt), respectively. It is important to observe that
where τ k and τ l are the covering maps defined in (12) . Therefore, we know that
Letting go to zero, together with Proposition 2.17, we get the desired conclusion.
3.2. Contact shape invariant. In this subsection, we will focus on the case where W = T * X for some closed manifold X. Let U, V be star-shaped domains of W . In order to obtain a meaningful lower bound of d CBM (U × S 1 , V × S 1 ), we will use contact shape invariant, which was rigorously defined in [9] for the first time (and see also [21] ). Let us recall its definition. Given a domain U ×S 1 of W ×S 1 , and denote by τ the identity map in the automorphism group Aut(H 1 (X ×S 1 ; R)). Consider the symplectization U ×S 1 ×R + ⊂ W ×S 1 ×R + , where r denotes the coordinate of R + . Note that by definition the symplectic structure on W × S 1 × R + (hence, also on U × S 1 × R + ) is d(r(λ + dt)). Fix any contact hypersurface M of W , e.g., a unit cosphere bundle of X with respect to a certain metric on X, and the coordinates (s, x, t, r) denote a point in
can be regarded as a domain in the standard (symplectic) stabilization of (W, ω), i.e., W × T * S 1 , with respect to the standard split symplectic structure. Now, consider the set defined as (29) sh
A few remarks about the notation in the definition (29) are in order. First, since H 1 (X × S 1 ; R) = H 1 (X; R) ⊕ H 1 (S 1 ; R), the vector (a, b) is understood as a ∈ H 1 (X; R) and b ∈ H 1 (S 1 ; R). Moreover, the equality f * (λ + dt) = (a, b) is understood as the closed 1-form f * (λ + dt) evaluated at a chosen basis of H 1 (X × S 1 ; Z). Second, since Φ does not change the homotopy type, f * = (Φ −1 • f ) * . Moreover, an existence of a Lagrangian embedding f :
An important observation is that the set sh(Φ(U × S 1 × R + ); τ ) admits a diagonal R +action, i.e., if (a, b) ∈ sh(Φ(U × S 1 × R + ); τ ), then for any fixed r * ∈ R + , (r * a, r * b) ∈ sh(Φ(U ×S 1 ×R + ); τ ). In fact, for this r * , denote by r * • the diagonal action on W ×S 1 ×R + defined by r * • (s, x, t, r) := (sr * , x, t, rr * ). Then if f :
Lagrangian embedding, then
is also a Lagrangian embedding. Moreover, if f * (λ+dt) = (a, b), then f * r * (λ+dt) = (r * a, r * b).
Denote by pr 1 : H 1 (X × S 1 ; R) → H 1 (X; R) the natural projection. The contact shape invariant of U × S 1 with respect to τ is defined as (30) csh(U × S 1 ; τ ) := pr 1 (sh(Φ(U × S 1 × R + ); τ )/diagonal R + -action).
As a subset of R m where m = dim R H 1 (X; R), the contact shape invariant csh(Φ(U × S 1 × R + ); τ ) can be equivalently obtained by projecting the subset sh(Φ(U ×S 1 ×R + ); τ )∩{b = 1} via pr 1 , where b represents the coordinate of R = H 1 (S 1 ; R).
Lemma 3.1. The contact shape invariant satisfies the following functorial properties.
(1) If U is a star-shaped domain of W , then csh(CU × S 1 ; τ ) = C · csh(U × S 1 ; τ ) for any C > 0, where C· is the standard rescaling in a Euclidean space. 4 (2) Let U, V be star-shaped domains of W × S 1 . If there exists a contact isotopy φ =
If U is a star-shaped domain of W , then for any k ∈ N,
where (U × S 1 )/k = τ −1 k (U × S 1 ) and τ k : W × S 1 → W × S 1 is the covering map defined in (12) .
Proof. The proof of (1) and (2) are straightforward, so we only prove (3) here. By definition, τ * k (λ+dt) = k ·(λ+dt). Therefore, (U ×S 1 )/k is a domain of (W ×S 1 ×R + , k(dλ+dr ∧dt)), where the symplectic form is changed by the factor k. If there exists a Lagrangian embedding f :
, then (f (k) ) * (kλ + kdt) = (a, kb). Note that the factor a does not change since by definition the U -component of the embedding
, then (a, kb) ∈ sh(Φ((U × S 1 )/k × R + ); τ ). Then, modulo the diagonal R + -action, we get the desired conclusion. 5 In general, we only get the inclusion in (31) , since a Lagrangian embedding always admits a lift, but not every Lagrangian embedding f : X × S 1 → (U × S 1 )/k × R + can be pushed down via τ k to be a well-defined Lagrangian embedding from X × S 1 → U × S 1 × R + . In order to do so, we require some periodicity condition of the embedding f . However, in the following example, we will examine a special case where (31) is indeed an equality. Example 3.2. Let X = T n (so W = T * T n ), and U = T n × A U for some open subset A U of R n containing 0 ∈ R n . Then we claim that (32) csh
We will show that csh(U × S 1 ; τ ) = A U and csh((
It is easy to see, by Lagrangian Weinstein neighborhood theorem, csh(CU × S 1 ; τ ) is always an open subset of R m , and 0 ∈ R m is contained inside its closure. 5 It can be confusing for the factor in item (3) in Lemma 3.1 -whether it is k or 1 k . From our proof, if (a, 1) ∈ sh(Φ(U × S 1 × R+); τ ), then (a, k) ∈ sh(Φ((U × S 1 )/k × R+); τ ). Therefore, in order to obtain csh((U × S 1 )/k; τ ) via intersecting "{b = 1}", we need to collect 1 k a. In other words, 1 k csh(U × S 1 ; τ ) ⊂ csh((U × S 1 )/k; τ ). This is the desired conclusion in (31) in Lemma 3.1.
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DANIEL ROSEN AND JUN ZHANG By Sikorav's theorem (see [31] or [9] ) (which eventually comes from Gromov's famous theorem on the exact Lagrangian embeddings of cotangent bundles in [13] ), we know that
The same argument shows that
Therefore, csh(U × S 1 ; τ ) = 1 k · A U . Proof of Theorem 2.20. By definition, for any > 0, there exists a pair (k, l) ∈ N 2 such that k l ≤ ρ c (U × S 1 , V × S 1 ) + . In other words, there exists a contact isotopy of
Moreover, by (32) in Example 3.2, we know that
Then a symmetric argument leads to the desired conclusion.
Proof of Corollary 2.21. Given k ∈ N, consider a morphism Ψ k : R k → S(T * T n ) defined along the following few steps. First, observe that there exists a quasi-isometric embedding L : R → [0, ∞) 2 by an "L-shape". Explicitly, for x < 0, L(x) = (1, −x + 1), and for x ≥ 0, L(x) = (1 + x, 1). In general, for x = (x 1 , ..., x k ) ∈ R k , for brevity still use L to denote the map L : R k → [0, ∞) 2k defined by L(x) = (L(x 1 ), ..., L(x k )). It is easy to check that
Therefore, we are reduced to construct a quasi-isometric embedding Ψ k from the metric space 
for a fixed Riemannian metric g on the base T n . Denote
Now, let us confirm that Ψ k is the desired quasi-isometric embedding. First, for two vectors v, w ∈ [0, ∞) 2k , by Proposition 2.18 and Theorem 2.20,
By our construction, δ(A v , A w ) = |v − w| ∞ since each direction i must be rescaled by |v i − w i | in order to satisfy the inclusion relations in the definition of δ(·, ·). Therefore, |v − w| ∞ ≤ d c (Ψ k (v), Ψ k (w)). On the other hand, for a sufficiently large C 0 , the width (v) is sufficiently small for every v ∈ [0, ∞) 2k . Then, the volume vol R n (Ω v × [0, 1) n−2 ) can be computed as
For v, w ∈ [0, ∞) 2k , without loss of generality, assume that |v − w| ∞ = w 1 − v 1 ≥ 0. In particular, for every i ∈ {1, ..., 2k},
and Ψ k (w), we claim that choosing the constant C :
. Then a symmetric argument implies the desired conclusion.
To prove the claim, for brevity, let us neglect the approximation term o( (v)) in (35), since this can be adjusted by a proper constant C 1 > 1. From (35) and (34) , we know that
This implies that A v ⊂ CA w , and thus we get the claim.
Algebraic distance between sheaves
Let k be a fixed ground field, and X be a closed manifold. In this section, we will work on D b (k X×X×I ), the bounded derived category of sheaves of k-modules over X × X × I where I is an interval of R containing 0. We will see that the relative growth rate can be defined on D b (k X×X×I ) and it provides a useful quantitative comparison between two elements inside. In preparation for our discussion, let us recall some standard notations.
The sheaf convolution denoted by " • | I " (see (1.13) in [14] ) provides a well-defined bioperator on D b (k X×X×I ). Explicitly, consider the projection p ijI : X 1 × X 2 × X 3 × I → X i × X j × I, where X i = X for i = 1, 2, 3. The sheaf convolution is defined by
, for any two elements F, G ∈ D b (k X×X×I ), where ⊗ L means the external product. Under this sheave convolution, the identity element in D b (k X×X×I ) is k ∆×I where ∆ ⊂ X × X is the diagonal. When I is empty, we simply write the corresponding sheaf convolution as F • G, which is defined as above without the I-components. For an element F ∈ D b (k X×X×I ), its "formal inverse" (with respect to the sheaf convolution) denoted by F −1 ∈ D b (k X×X×I ) is defined by (see (1.21) or page 216 in [14] )
where v : X ×X → X ×X is the swap map, i.e., v(x 1 , x 2 ) = (x 2 , x 1 ) for any (x 1 , x 2 ) ∈ X ×X, and ω X ∈ D b (k X ) is the dualizing complex on M , which is isomorphic to the orientation sheaf shifted by the dimension (see Definition 3.1.16 in [19] ). We call F −1 the "formal inverse" 6 In fact, denote by ai = e w i and bi = e v i . By our hypothesis, 
since certain conditions on F are necessary in order to have F • | I F −1 = F −1 • | I F k ∆×I (see Proposition 1.14 in [14] ). Any such F which also satisfies the normalization condition that F| t=0 = k ∆ is called admissible, and the set of all admissible F ∈ D b (k X×X×I ) is denoted by D b adm (k X×X×I ). In Example 4.6 below, we will see that D b adm (k X×X×I ) in fact contains interesting elements. Finally, for any k ∈ N, denote by F k := F • | I · · · • | I F, the sheaf convolution of k many F.
Another important ingredient is the singular support of an element F ∈ D b (k X×X×I ), denoted by SS(F). It is a conical subset of T * (X ×X ×I) = T * X ×T * X ×T * I. The explicit definition of SS will not be necessary here, and we refer to Chapter V in [19] for a systematic study of SS. Recall that for two subset Λ 1 , Λ 2 ⊂ T * (X ×X ×I), the correspondence Λ 1 •| I Λ 2 , which is a subset of T * (X × X × I), is defined by
((x 1 , ξ 1 ), (x 3 , ξ 3 ), (t, τ )) ∃(x 2 , ξ 2 ), (t, τ 1 ), (t, τ 2 ) s.t.
((x 1 , ξ 1 ), (x 2 , −ξ 2 ), (t, τ 1 )) ∈ Λ 1 ((x 2 , ξ 2 ), (x 3 , ξ 3 ), (t, τ 2 )) ∈ Λ 2 τ = τ 1 + τ 2    .
The following two properties of SS are particularly useful to us. Proposition 4.1 is an important proposition for SS, since it reflects the "geometry" of SS. Proposition 4.2 shows that the singular support of a sheaf can put strong restrictions on the behavior of the sheaf itself. The proof of Proposition 4.2 is in fact quite difficult, where the main step is based on the microlocal Morse lemma (see Corollary 5.4.19 in [19] ).
implies that both τ 1 -components and τ 2 -components are non-positive, which yields that τcomponents are also non-positive. This proves the transitivity of the relation ≥. Third, if F ≥ s G and G ≥ s F, then it is readily check that SS(F −1 • | I G) ⊂ T * (X × X) × 0 I . By Proposition 4.2, F −1 • | I G p −1 Rp * (F −1 • | I G) where p : X × X × I → X × X is the projection. For every t ∈ I, denote by ι t : X × X × {t} → X × X × I the inclusion. Then for every t ∈ I,
Therefore, F −1 • | I G k ∆×I . Convoluting F on both sides, we get G F. Thus, we obtain the anti-symmetry of the relation ≥ s .
Remark 4.5. The normalization condition that F| t=0 = k ∆ for every F ∈ D b adm (k X×X×I ) is crucial to the proof of Proposition 4.4, in particular, to the proof of the anti-symmetric property.
Example 4.6 (Sheaf quantizations [14] ). This example will demonstrate a family of elements in D b adm (k X×X×I ) which comes from contact geometry. Let X be a closed manifold and g be a metric on X. Denote by M = S * g X the unit co-sphere bundle, and it admits a contact structure ξ which is naturally induced from the canonical symplectic structure on T * X. We have seen above that a contact isotopy φ = {φ t } t∈I lifts to a homogeneous Hamiltonian isotopy Φ = {Φ t } t∈I on the symplectization SM =Ṫ * M := T * M \0 M . The main result in [14] says that for any such Φ : I ×Ṫ * M →Ṫ * M , there exists a unique element K φ ∈ D b adm (k X×X×I ), called the sheaf quantization of φ, such that SS(K φ ) satisfies
where Λ Φ is called the Lagrangian suspension of the (symplectic) Hamiltonian isotopy Φ, and H t is the (symplectic) Hamiltonian function of Φ. More explicitly, assume that the contact isotopy φ is generated by a contact adm (k X×X×I×I ), where the t denotes the coordinate of the first I and s denotes the coordinate of the second I, such that Θ| s=0 = F and Θ| s=1 = G. We call F is homotopic to G if the second condition (ii) is satisfies. If φ is homotopic to ψ through contact isotopies, then, by Proposition 4.3 in [37], K φ | t=1 = K ψ | t=1 , and there exists a homotopy of sheaves as above in D b adm (k X×X×I ) from K φ to K ψ . In other words, K φ ∼ K ψ . The proof of this is similar to the proof of the uniqueness of the sheaf quantization, which eventually comes from the fact that I is contractible (so I × I is also contractible). This implies that there exists a well-defined embedding (39)
[σ] : Cont 0 (M, ξ) → D b adm (k X×X×I )/ ∼ defined by σ : [φ] → [K φ ], where M = S * g X for some metric g on X. It would be (more) interesting (than the embedding σ in (38)) to see whether the partial order ≥ s defined in Definition 4.3 descents to a partial order in D b adm (k X×X×I )/ ∼. The difficulty, similarly to the case in Cont 0 (M, ξ), comes from the anti-symmetry. In fact, the anti-symmetry can be confirmed if the following conjecture holds. Conjecture 4.7 can be viewed as an algebraic reformulation of Criterion 1.2.C in [8] . The proof of Theorem 4.13 in [14] , in particular some homotopy version of its Proposition 4.8, might be helpful. Recall that G + is defined in (3), the set of all dominants in Cont 0 (M, ξ). Assume this conjecture, then the following result is immediate. adm∩dom (k X×X×I )/ ∼, d ≥s ), where d ≥o and d ≥s are the pseudo-metrics induced from the corresponding relative growth rates of the partial orders d ≥o and d ≥s , respectively.
Appendix
In this appendix, we provide another formulation of the relative growth rate γ ≥ (·, ·) on G + which is defined via ρ + ≥ (·, ·) in (1). In fact, we will give an equivalent formulation of ρ + ≥ (·, ·) on G + which claims to be defined by only prime numbers. Recall that G + is the set of all the dominants of G, and without loss of generality assume that ρ + ≥ (a, b) > 0 for any a, b ∈ G + . For any a, b ∈ G + , we call the pair (k, l) ∈ 
